Abstract. We classify birationally rigid orbifold Fano 3-folds of index one defined by 5 × 5 Pfaffians. We give a sharp criterion for birational rigidity of these families based on the type of singularities that the varieties admit. Various conjectures are born out of our study, highlighting a possible approach to the classification of terminal Fano 3-folds. The birationally rigid cases are the first known rigid examples of Fanos that are not (weighted) complete intersection.
Introduction
A variety X is Fano if its anticanonical class −K X is ample. They are central in geometry, as any uniruled variety is birational to a Fano or a fibration into Fanos by the Minimal Model Program (MMP).
Smooth Fano 3-folds have been classified by Iskovskikh [10, 11] and Mori-Mukai [15] . However, looking at Fano varieties as outputs of MMP, the smoothness condition must be relaxed, and be replaced with Q-factorial and terminal. Graded ring approach of Reid provides a list of Fano 3-folds to study. It considers a Fano 3-fold X embedded into a weighted projective space via the anticanonical ring [2] R(X, −K X ) = n≥0 H 0 (X, −nK X ), and using the numerical datum from such embedding produces families of Fano 3-folds. One approach to the classification of Fano 3-folds would be to study birational relations among these embedded Fanos. However, there are tens of thousands of candidate families, suggesting the impossibility of such study.
One of the aims of this article is to convince the reader that it may be enough to consider only a small portion of this list, and hope to eventually get a complete classification. We give evidence that perhaps there are only a few hundreds of families that do not admit Mori fibrations over a curve or a surface. Hence, a full study of relations between those that only admit Fano structures may be possible. Then one goes to study fibration cases and examine their geometry.
Birational rigidity of Fanos.
A Fano variety X in the Mori category, that is Q-factorial and terminal, is said to be birationally rigid if the only Mori fibre space birational to X is X itself. In other words, X admits no birational structure of a strict Mori fibre space Y → S (with dim S > 0) and X is not birational to any other Fano variety. A birationally rigid Fano X is called birationally super-rigid if Bir(X) = Aut(X). For example it is known that a smooth hypersurface of degree n in P n is birationally super-rigid for n ≥ 4; see [12, 21, 8] and [24] for a generalisation of this. The first case of the example above, that is the smooth quartic 3-folds, a celebrated result of Iskovskikh and Manin, was generalised in [7] to show that a general quasi-smooth Fano hypersuface of index one in a weighted projective space is birationally rigid. Such Fano X is defined as a hypersurface {f = 0} of degree d in a weighted projective space P(a 0 , a 1 , a 2 , a 3 , a 4 ), where a i − d = 1 (hence the index), the Jacobian of f vanishes only at the origin (hence quasi-smooth), and the singularities on X are inherited from the ambient weighted projective space and are all terminal. There are 95 families with this property. One can consider higher codimension Fanos, for which the number of Fano families are shown in Table 1 . These number currently only serve as upper bounds, except that in codimensions 1, 2 and 3 they are confirmed to be exact. As mentioned before, Corti, Pukhlikov and Reid proved that a general member of each family in codimension one is birationally rigid [7] . This was generalised by Cheltsov and Park for any quasismooth such Fano [5] . The codimension two families were studied by Okada in [16, 18, 17] . For instance it was shown that Theorem 1.1. [13, 16] Let X be a general quasi-smooth Fano 3-fold of index one embedded in codimension two in a weighted projective space. Then X is birationally rigid if and only if it belongs to one of 18 specific families. Theorem 1.1, in particular, generalises a result of Iskovskikh and Pukhlikov that shows a general smooth complete intersection of a conic and a cubic in P 5 is birationally rigid, see [13] and [22, chapter 2] . Theorem 1.1 has been generalised for quasi-smooth models (without the generality conditions) by Ahmadinezhad and Zucconi [1] .
It is crucial to note that the birationally rigid cases in Theorem 1.1 are those that do not admits a Type I centre, which are defined to be: Definition 1.2 (Singularity types). Let X ⊂ P = P(a 0 , . . . , a n ) be a quasi-smooth Fano 3-fold. Suppose the singular point p ∈ X is a coordinate point of P of local analytic type 1 a (1, b, a − b), implying that n − 3 of the defining polynomials of X are of the form f i = x m k x i + . . . , where p is the k th coordinate and a = a k . Suppose the three other weights (the tangent weights) are a α , a β and a γ , then p is of Type I if (1, b, a − b) = (a α , a β , a γ ), up to reordering, and K 3 X > 1 ab(a−b) . These are precisely the images of Type I unprojections [23] .
Type II 1 centres are, similarly, the images of Type II 1 unprojections, that is a generic complete intersection Type II unprojection [19, 20] .
We go further and examine birational rigidity in codimension 3.
Pfaffian Fanos. A Pfaffian Fano 3-fold X is determined by a 5 × 5 skew-symmetric matrix M , called the syzygy matrix of X, whose entries are homogeneous polynomials in variables x 0 , . . . , x 6 with suitable weights deg x i = a i . The 3-fold X is embedded in P(a 0 , . . . , a 6 ) as a codimension 3 subvariety and it is defined by 5 Pfaffians F 1 , . . . , F 5 of M . There are 69 families of Pfaffian Fano 3-folds, which form all codimension 3 Fano 3-folds of index one together with X 2,2,2 ⊂ P 6 (the complete intersection of 3 quadrics in P 6 ). These are studied in details in [2] , which represent a success story of the application of Eisenbud-Buchsbaum structure theory of Gorenstein codimenstion 3 ideals [4] . Some explicit examples of these are scattered in this article, see for example Section 4.
Among these 69 families only 5 families do not have a Type I centre. It was proved by Brown and Zucconi [3] that a general Pfaffian Fano with a Type I centre is birationally non-rigid. The remaining 5 families are the main objects of this article and the descriptions of syzygy matrix M and defining polynomials F 1 , . . . , F 5 will be given in the beginnings of Sections 4-8 (see also the table in Section 9). Among the above 5 families, 2 families have a Type II 1 centre. The aim of this article is to prove birational (super-)rigidity for the 3 families which do not admit Type I or Type II 1 centre and to prove birational non-rigidity of the 2 families which do not admit a Type I centre but admit a Type II 1 centre.
Main Theorem. Let X be a general Pfaffian Fano 3-fold. Then X is birationally rigid if and only if it does not contain a Type I or Type II 1 centre.
To summarise, a (general) quasi-smooth Fano in 95 out of 95 families in codimension one, 19 out of 85 families in codimension two and 3 out of 70 families in codimension three are birationally rigid. Consequently, it is very natural to expect an affirmative answer to Question 1.3. Below (Question 1.5) we discuss a more general, and perhaps more fundamental, version of this. Question 1.3. Does there exist a small n, say n = 4 or 5, such that for any codimension bigger than n all Fano 3-folds, minimally embedded in a weighted projective space, admit a different Mori fibre space structure, i.e. they are all birationally non-rigid?
1.2. Classification of Fano 3-folds: Solid Fano varieties and Mori fibrations. The results of [18, 17] go beyond birational rigidity in codimention two and study birigid Fanos in codimension two, following [6] . Birigid Fanos are Mori fibre space Fanos that are not birationally rigid but birational to only one other Mori fibre space Fano variety. To capture this phenomenon, we introduce the following notion, which we believe will play a central role in the birational classification of Fano 3-folds. In particular, [18] and [17] show that 6 families among the codimension 2 Fanos are non-solid (birational to del Pezzo fibrations) and the rest are expected to be solid. Following these observations, and based on our experience and our result on the number of rigid Fanos in codimension three, we pose the following question, as step ahead of Question 1.3. Question 1.5. Do solid Fanos exist in higher codimensions? In other words, does there exist a small n such that for any codimension bigger than n all Fano 3-folds admit a structure of a strict Mori fibre space?
The evidence, highlighted in this article, suggests that the answer to this question should be "No". In that case, it remains to classify solid Fano 3-folds and consider the non-solid Fanos as the end point of Sarkisov links on del Pezzo fibrations or conic bundles. Then examine birational rigidity of, and birational maps between, del Pezzo fibrations and then similarly for conic bundles; a subject of further study. This will eventually give a hierarchical classification of Fanos and Mori fibre spaces in dimension three.
1.3. Notation and Conventions. We denote by p x i the vertex of P = P(a 0 , . . . , a 6 ) at which only the coordinate x i does not vanish. For homogeneous polynomials G 1 , . . . , G m , we denote by (G 1 = · · · = G m = 0) the closed subscheme of P defined by the homogeneous ideal (G 1 , . . . , G m ). For a polynomial F and a monomial g, we write g ∈ F if the coefficient of g in F is non-zero. For polynomials f, g, we say that f and g are proportional (denoted f ∼ g) if there are complex numbers λ, µ with (λ, µ) = (0, 0) such that λf − µg = 0. Let X be a Pfaffian Fano 3-fold. We always assume that X is quasi-smooth, that is, its affine cone C X = (F 1 = · · · = F 5 = 0) ⊂ A 7 , where F 1 , . . . , F 5 are defining polynomials of X, is smooth outside the origin. We set A = −K X . Definition 1.6. Let X be a Fano 3-fold. We say that an extremal divisorial extraction ϕ : Y → X with exceptional divisor E is a maximal extraction if there is a mobile linear system
where c(X, H) = max{λ | K X + λH is canonical} is the canonical threshold of the pair (X, H), a E (K X ) is the discrepancy of K X along E and m E (K X ) is the multiplicity of H along E. The centre ϕ(E) on X of a maximal extraction is called a maximal centre.
The structure of the proof. The proof of birational rigidity will be done by excluding most of the subvarieties as maximal centres and constructing a birational involution centred at the remaining subvarieties. Curves and smooth points are excluded in Section 2. Section 3 summarises the methods to exclude singular points. Then in each following section we deal with one of the 5 families, and finally in Section 9 we encapsulate the results with a table.
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Exclusion of curves and nonsingular points
Let X be a Pfaffian Fano 3-fold. We first exclude curves as maximal centres.
Lemma 2.1. If (A 3 ) ≤ 1, then no curve on X is a maximal centre.
Proof. Let Γ ⊂ X be an irreducible and reduced curve. We may assume that Γ is contained in the nonsingular locus of X because otherwise Γ passes through a terminal quotient singular point and thus there is no divisorial extraction centred along Γ (see [14] Proof. This follows immediately from Lemma 2.1 since (A 3 ) ≤ 1 in all the cases.
Next, we exclude nonsingular points as a maximal centre.
Definition 2.3. Let X be a normal projective variety and p ∈ X a nonsingular point. We say that a Weil divisor class L on X isolates p if p is an isolated component of the base locus of the linear system
We refer the readers to [7, Proof of (A) in pages 210 and 211] for the proof of the following lemma. The proof given there is for weighted hypersurfaces but the same argument applies.
Lemma 2.4 ([7]
). Let p ∈ X be a nonsingular point of a Q-Fano 3-fold X. If lA isolates p for some 0 < l ≤ 4/(A 3 ), then p is not a maximal centre.
Let P := P(a 0 , . . . , a 6 ) be the weighted projective 6-space with homogeneous coordinates x 0 , . . . , x 6 which is the ambient space of a Pfaffian Fano 3-fold X. We assume a 0 ≤ a 1 ≤ · · · ≤ a 6 . The following enables us to find an isolating class.
Lemma 2.5 ( [7, Lemma 5.6.4] ). Let p ∈ X be a nonsingular point and let {g i } be a finite set of homogeneous polynomials in variables x 0 , . . . , x 6 . If p is a component of the set
Lemma 2.6. Suppose that a 5 a 6 ≤ 4/(A 3 ). Then no nonsingular point of X is a maximal centre.
Proof. Let p = (α 0 : · · · : α 6 ) ∈ X be a nonsingular point. Then, there exists k ∈ {0, 1, . . . , 6} such that
Then we define g i = α
Moreover, we have deg
for any i = k. It follows from Lemma 2.5 that lA isolates p for some l ≤ a 5 a 6 . Now the assumption a 5 a 6 ≤ 4/(A 3 ) and Lemma 2.4 complete the proof.
Proposition 2.7. Let X be a Pfaffian Fano 3-fold without Type I centre. Then no nonsingular point on X is a maximal centre.
Proof. The condition a 5 a 6 ≤ 4/(A 3 ) is satisfied for Pfaffian Fano 3-folds X of degree 1/42, 1/30, 1/20 and 1/12. Thus the assertion for these 4 families follows from Lemma 2.6. It remains to consider a Pfaffian Fano 3-fold X of degree 1/4. Let x, y, z 0 , z 1 , t 0 , t 1 , u be the homogeneous coordinates of the ambient space P(1, 2, 3 2 , 4 2 , 5) and p ∈ X a nonsingular point. Let π : X → P := P(1, 2, 3 2 , 4 2 ) be the projection from p u which is indeed a morphism since p u / ∈ X (see the table in Section 9). Since there are monomials x 12 , y 6 , z 4 0 , z 4 1 , t 3 0 and t 3 1 of degree 12, we can find homogeneous polynomials g 1 , . . . , g m as suitable linear combinations of those monomials such that
and the right-hand side consists of finitely many points including p since π does not contract a curve. This shows that 12A isolates p, hence p cannot be a maximal centre since 12 < 4/(A 3 ) = 16. This completes the proof.
Excluding methods for singular points
We will exclude singular points as a maximal centre (or construct a Sarkisov link) on Pfaffian Fano 3-folds without Type I center in the subsequent sections. In this section we explain the methods excluding singular points.
We fix some notation which will be valid in the rest of this paper. Let X be a Pfaffian Fano 3-fols and p ∈ X a singular point. Let p be of type 1 r (1, a, r − a). We denote by ϕ : Y → X the Kawamata blowup of X at p, that is, the weighted blowup with weight 1 r (1, a, r − a). Note that ϕ is the unique extremal divisorial extraction centred at the terminal quotient singular point p (see [14] ). We denote by E the exceptional divisor of ϕ. We set A = −K X and B = −K Y = ϕ * A − 1 r E. We will frequently compute intersection numbers of divisors on Y and this is done by the formula
For a curve or a divisor ∆ ⊂ X, we denote by∆ its proper transform ϕ −1 * ∆ via ϕ. We will exclude singular points on X by applying the following criteria. (1) S ∼ Q aB + dE and T ∼ Q bB + eE for some integers a, b, d, e such that a, b > 0, 0 ≤ e ≤ a E (K X )b and ae − bd ≥ 0. (2) The intersection Γ := S ∩ T is a 1-cycle whose support consists of irreducible and reduced curves which are numerically proportional to each other.
Note that in Lemma 3.2, the condition (3) is equivalent to the condition (T · S · T ) ≤ 0. When we apply Lemma 3.1, we need to find a nef divisor on Y , which will be done by the following result. (1) The intersection D 1 ∩ · · · ∩ D k does not contain a curve passing through p.
Then, the divisor L = B + cE is nef.
Definition 3.4. Let X be a Pfaffian Fano 3-fold and p ∈ X a (singular) point. We say that {f 1 , . . . , f k }, where f 1 , . . . , f k are homogeneous polynomials, isolates p if (f 1 = · · · = f k = 0) ∩ X does not contain a curve passing through p.
Suppose that {f 1 , . . . , f k } isolates a singular point p ∈ X and let
where b i = deg f i and r is the index of the singularity p ∈ X. It follows from Lemma 3.3 that L = B +cE is nef on Y , where
r . In the course of excluding singular points or constructing Sarkisov links, it is necessary to understand geometric objects on Y (e.g. proper transforms of curves or divisors on X and their intersections). We will explain explicit descriptions of Kawamata blowups ϕ : Y → X in terms of the embedded weighted blowup of X ⊂ P at p in a general setting.
From now on until the end of this section, we work in a more general setting. Let X be a normal projective Q-factorial 3-fold defined by homogeneous polynomials
] in a weighted projective space P = P(a 0 , . . . , a n+3 ) with homogeneous coordinates x 0 , . . . , x n+3 and p a terminal quotient singular point of type 1 r (1, a, r − a) and ϕ : Y → X the Kawamata blowup of X at p with exceptional divisor E. We explain the computation of the vanishing order of a section along E in the case where p can be transformed into a vertex by a coordinate change. r respectively for i = 1, . . . , m. We assume p = p x 0 . In this case r = a 0 . Then X is quasi-smooth at p if and only if, after re-ordering x 1 , . . . , x n+3 and F 1 , . . . , F m , we have x
x n ∈ F n for some l 1 , . . . , l n > 0. In this case, we have a n+1 ≡ 1, a n+2 ≡ a, a n+3 ≡ r − a (mod r), after re-oredering x n+1 , x n+2 , x n+3 , and the Kawamata blowup ϕ : Y → X is the weighted blowup with weight wt(x n+1 , x n+2 , x n+3 ) = 1 r (1, a, r − a). We work on the open subset U of X where x 0 = 0. For a polynomial G(x 0 , x 1 , . . . , x n+3 ), we denote G| x 0 =1 = G (1, x 1 , . . . , x n+3 ). Then U is the geometric quotient of the affine scheme
by the Z r -action given by x i → ζ a i x i , where ζ is a primitive rth root of unity. We see that the defining polynomials F n+1 , . . . , F m are redundant around p since V is a local complete intersection (nonsingular) at its origin (whose image on U is the point p). Definition 3.6. For a positive integer a, we denote byā the positive integer such thatā ≡ a (mod r) and 0 <ā ≤ r.
We say that
is an admissible weight with respect to (X, p) if b 1 , . . . , b 6 are positive integer such that b i ≡ a i (mod r) for i = 1, . . . , n + 3. We call
the initial weight of (X, p).
Note thatr = r by the above definition. Note also that the initial weight is admissible. For an admissible weight w, we can associate the weighted blowup Φ w : Q w → P at p with wt(x 1 , . . . , x n+3 ) = w. We see that the exceptional divisor of Φ w is isomorphic to the weighted projective space P(b 1 , b 2 , . . . , b n+3 ) with coordinates x 1 , . . . , x n+3 . Here, by a slight abuse of notation, we use x i for the coordinates of P(b 1 , . . . , b n+3 ). In this case, x i has weight b i and this x i is different from the x i of P. We denote by Y w the proper transform of X via Φ w , by ϕ w : Y w → X the induced birational morphism and by E w the exceptional divisor of ϕ w . Definition 3.7. Let w be an admissible weight. For i = 1, . . . , n, we denote by F w i the lowest weight part of F i | x 0 =1 with respect to the w-weight. We say that w satisfies the Kawamata blowup condition (abbreviated as KBL condition) if x i ∈ F w i for any i = 1, . . . , n and
Suppose that w is an admissible weight which satisfies the KBL condition. Then we have an isomorphism
we have an isomorphism E w ∼ = P(1, a, r − a) by eliminating x 1 , . . . , x n . Moreover ϕ w is the Kawamata blowup of X at p (see Remark 3.8). The congruence condition b i ≡ a i (mod r) ensures that the embedded weighted blowup of U ⊂ A n+3 at the origin with weight wt(x 1 , . . . , x n+3 ) = (b 1 , . . . , b n+3 ) is compatible with the Z r -action on U ⊂ A n+1 and gives a well-defined embedded weighted blowup of X ⊂ P at p, which is ϕ w : Y w → X. As explained above, the ϕ w -exceptional divisor E w is isomorphic to P(1, a, r − a). The singular locus of Y w along E w is contained in the singular locus of E w . Let p a and p r−a be the points of E w which corresponds to the points (0 : 1 : 0) and (0 : 0 : 1) of P(1, a, r − a), respectively. Note that E w is nonsingular outside {p a , p r−a }, and p a (resp. p r−a ) is a singular point of E w if and only if a > 1 (resp. r − a > 1). In view of the KBL condition, it is straightforward to check that the singularity of Y w at p a (resp. p r−a ) is of type 1 a (1, r − a, −1) (resp. 1 r−a (1, a, −1)) when a > 1 (resp. r − a > 1). This shows that ϕ w is an extremal divisorial contraction centered at the terminal quotient singular point p. By the uniqueness of such a divisorial contraction ( [14] ), we conclude that ϕ w is indeed the Kawamata blowup at p.
From now on, we explain the computation of ord E (x i ). It is clear that ord E (x n+1 , x n+2 , x n+3 ) = 1 r (1, a, r − a). Lemma 3.9. Let w be an admissible weight satisfying the KBL condition. Then the following hold.
( Proof. We see that ϕ w is the Kawamata blowup of X at p since w satisfies the KBL condition. It is clear that x i vanishes along E w to order at least b i /r so that we have ord E (x i ) = ord Ew (x i ) ≥ b i /r. This shows (1).
We prove (3). We have x j ∈ F w j for j = 1, . . . , n since w satisfies the KBL condition. For a monomial g in variables x 1 , . . . , x n+3 , the w -weight of g is greater than or equal to the w-weight. This implies that if there is a monomial g ∈ F w j whose w -weight and w-weight are the same, then g ∈ F w j . If j = i, then the w-weight and w -weight of x j coincide so that x j ∈ F w j . We have F w i = αx i for some α ∈ C \ {0} and any other monomials in F i | x 0 =1 has w-weight at least (b i + r)/r. Hence any monomial in
other than x i has w -weight at least (b i + r)/r. Since the w -weight of x i is (b i + r)/r, we see x i ∈ F w i . This proves (3). Finally, (2) follows from (1) and (3).
As an immediate consequence, we have the following somewhat obvious fact: ord E (x i ) ≥ā i /r for any
In most of the case, if x i is chosen as a general member of
r . Sometimes we seek for a coordinate x i with high vanishing order and we explain how to obtain such a coordinate. In general the lowest weight part F w in i with respect to the initial weight w in contains a monomial other than x i . Now we suppose that, after replacing x 1 suitably, the terms in F w in 1 other than x 1 can be eliminated, that is, F w in 1 = x 1 . Then, by Lemma 3.9, we have ord E (x 1 ) ≥ā 1 +r r . We can possibly repeat this process for some coordinates x i with i = 1, 2, 3 by replacing w in with w = 1 r (ā 1 + r,ā 2 , . . . ,ā n+3 ), which satisfies KBL condition by Lemma 3.9, and we can obtain coordinates x i which vanish along E to an order high thanā i /r.
We will frequently apply the following simple coordinate change technique.
Lemma 3.10. Let F be a polynomial of the form
Then, after replacing x 1 with γx 1 + h for suitable γ ∈ C \ {0} and h ∈ C[x 0 , x 2 , . . . , x n ], the terms divisible by x 2 0 in F except for αx 2 0 x 1 are eliminated. Proof. We may assume α = 1. Then the replacement
1 f 5 eliminates the terms divisible by x 2 0 except for x 2 0 x 1 .
Pfaffian Fano 3-fold of degree 1/42
Let X = X 16,17,18,19,20 ⊂ P(1 x , 5 y , 6 z , 7 t , 8 u , 9 v , 10 w ) be a Pfaffian Fano 3-fold of degree 1/42. Here a degree of a Fano threefold means the anticanonical degree so that (A 3 ) = 1/42, where A = −K X . We exclude all the singular points on X and prove that X is birationally super-rigid under a suitable generality condition. The syzygy matrix of X and the defining polynomials are given as follows:
Here the entries a i , b i , c i , d i of M are homogeneous polynomials of (weighted) degree i. The basket of singularities of X, which indicates the number and type of singularities, is as follows
The aim of this section is to prove the following theorem, which will follow from Propositions 2.2, 2.7 and the results of the present section (see also [18, Theorem 2 .32]). The condition in the statement will be introduced later. 
Therefore, p is not a maximal centre by Lemma 3.1. (1, 1, 4). After replacing coordinates, we assume p = p z . We see
Exclusion of the
∈ X, and this implies z ∈ a 6 , z 2 ∈ d 12 , u ∈ a 8 , b 8 , v ∈ a 9 , b 9 and w ∈ b 10 , c 10 . We claim t ∈ a 7 . Indeed, if t / ∈ a 7 , then tw / ∈ F 2 and this implies that X is not quasi-smooth at the 1 7 (1, 1, 6) point p t . This shows t ∈ a 7 . Moreover, since p is of type 1 5 (1, 1, 4), we have y 2 z / ∈ F 1 , which implies y 2 / ∈ c 10 . By quasi-smoothness of X at p, we have y 2 u ∈ F 3 , which implies y 2 ∈ b 10 . By setting Π = (x = w = 0) and by re-scaling coordinates, the restrictions of the syzygy matrix and defining polynomials to Π can be written as follows:
where α, β, δ ∈ C \ {0} and γ, ε ∈ C. By quasi-smoothness of X at the 1 7 (1, 1, 6) point p t , we have t 2 y ∈ F 4 , which implies ε = 0. We set S = (x = 0) ∩ X and T = (w = 0) ∩ X. Then Γ := S ∩ T is defined by the equations 4, 5) . Note that y 3 x 2 , y 2 t, y 2 zx and y 2 z 2 are the monomials of degree 17 whose initial weight is 2/5. The coefficients of ty 2 and z 2 y in F 2 are −1 and γ, respectively, and let λ, µ be the coefficients of y 3 x 2 , y 2 zx in F 2 , respectively. We define g = −ty + γz 2 + λy 2 x 2 + µyzx. Then we can write F 2 = yg + G, where each monomial in G vanishes along E to order at least 7/5, hence ord E (g) ≥ 7/5. We set s = g| Π = −ty +γz 2 , so that we have F 2 | Π = ys + βuv. Proof. We will show that {x, w, g} isolates p, or equivalently {x, w, s} isolates p. We set Σ = (x = w = s = 0) ∩ X = X ∩ Π ∩ (s = 0). We see vu = 0 on Σ since F 2 | Π = ys + βvu and β = 0. By the equation
set-theoretically. By the assumption δ + γε = 0, s = −ty + γz 2 is not proportional to δz 2 + εty, so that (s = δz 2 + εty = 0) = (z = ty = 0). Hence, it is straightforward to see Σ = {p y , p t }, which shows that {x, w, g} isolates p.
E is nef by Lemma 3.3 and we compute
Therefore, p is not a maximal centre by Lemma 3.1. (1, 2, 3). We may assume p = p y . By the same argument as in the previous subsection, we have t ∈ a 7 , u ∈ a 8 , b 8 , v ∈ a 9 , b 9 and w ∈ b 10 , c 10 . Since p is of type 1 5 (1, 2, 3), we have vy 2 ∈ F 4 , wy 2 ∈ F 5 and ty 2 / ∈ F 2 , uy 2 / ∈ F 3 . We see that vy 2 ∈ F 4 implies y 2 ∈ c 10 and ty 2 / ∈ F 2 implies y 2 / ∈ b 10 . Since p t ∈ X is of type 1 7 (1, 1, 6), we have t 2 y ∈ F 4 , which implies ty ∈ d 12 . Moreover, we have z 3 ∈ F 3 since p z / ∈ X, which implies z ∈ a 6 . Hence y 2 z ∈ F 1 . By Lemma 3.10, we can assume that y 2 z is the unique monomial in F 1 is divisible by y 2 after replacing z.
We set S = (x = 0) ∩ X, T = (z = 0) ∩ X, Γ = S ∩ T and Π = (x = z = 0). Then, the restrictions of the syzygy matrix and the defining polynomials to Π can be written as follows
Note that Γ is defined in Π by the above 5 polynomials. Note also that none of α, β, γ and δ is zero.
Lemma 4.7. Γ is an irreducible and reduced curve.
Proof. By setting t = 1, we work on the open subset U ⊂ X on which t = 0. By the equations
we can eliminate v = αu 2 and w = βuv = αβu 3 . Hence Γ ∩ U is isomorphic to the quotient of
under the natural Z 7 -action. Thus Γ ∩ U is an irreducible and reduced affine curve. We have Γ ∩ (t = 0) = {p}. This shows that Γ is irreducible and reduced.
By our choice of coordinates, y 2 z is the unique monomial in F 1 divisible by y 2 and we see that monomials of degree 16 which is not divisible by y 2 has initial weight at least 6/5. It follows that ord E (z) ≥ 6/5 and ϕ is realized as the embedded weighted blowup at p with weight wt(x, z, t, u, v, w) = 1 5 (1, 6, 2, 3, 4, 5) =: w. By looking at the monomials in
Lemma 4.8. The singular point of type
is not a maximal centre.
Proof. We claimS ∩T =Γ. To see this, it is enough to see thatS ∩T does not contain a curve on E. The lift of the sections x and z on Y restricts to the coordinates x and z of the ambient weighted projective space of E and their zero loci coincides withS ∩ E andT ∩ E, respectively. Since f, g, h are in the ideal (x, z), the setS
Therefore, p is not a maximal centre by Lemma 3.2.
Pfaffian Fano 3-fold of degree 1/30
Let X = X 14,15,16,17,18 ⊂ P(1 x , 5 y 0 , 5 y 1 , 6 z , 7 t , 8 u , 9 v ) be a Pfaffian Fano 3-fold of degree 1/30. We exclude all the singular points on X and prove that X is birationally super-rigid under a suitable generality condition. The syzygy matrix of X and the defining polynomials are given as follows:
The basket of singularities of X is as follows
The aim of this section is to prove the following theorem, which will follow from Propositions 2.2, 2.7 and the results of the present section. The condition in the statement will be introduced later.
Theorem 5.1. Let X be a Pfaffian Fano 3-fold of degree 1/30. If X satisfies Condition 5.6, then it is birationally super-rigid. 1, 2, 3 ). After replacing y 0 , y 1 , we assume p = p y 1 . Note that this implies y 3 1 / ∈ F 2 . Note also that t 2 ∈ F 1 , u 2 ∈ F 3 and v 2 ∈ F 5 since p t , p u , p v / ∈ X, which implies t ∈ a 7 , b 7 , u ∈ a 8 , b 8 and v ∈ b 9 , c 9 . By quasi-smoothness of X at p, we have y 1 v ∈ F 1 and y 2 1 y 0 ∈ F 2 . We divide the proof into two cases according to y 2 1 z ∈ F 3 or not. First, we treat the case where y 2 1 z ∈ F 3 . Lemma 5.2. If y 2 1 z ∈ F 3 , then p is not a maximal centre.
Exclusion of the
Proof. Recall that y 1 v ∈ F 1 , y 2 1 y 0 ∈ F 2 and y 2 1 z ∈ F 3 . By Lemma 3.10, we may assume that y 2 1 z is the unique monomial in F 3 divisible by y 2 1 . Consider the weight wt(x, y 0 , z, t, u, v) = 1 5 (1, 5, 6, 2, 3, 4) =: w. Then v ∈ F w 1 , y 0 ∈ F w 2 and z ∈ F w 3 so that ϕ is realized as the embedded weighted blowup at p with the weight w.
We claim that {x, y 0 , z} isolates p. Set Π = (x = y 0 = z = 0). We have
and it is straightforward to see that the set on the right-hand side is finite (for any α, β, γ). This shows that {x, y 0 , z} isolates p. We see ord E (x, y 0 , z) ≥ 1 5 (1, 5, 6) so that L := B is nef by Lemma 3.3 and we compute
Therefore, p is not a maximal centre by Lemma 3.1.
Next, we treat the case where y 2 1 z / ∈ F 3 . In this case, we have y 3 1 x ∈ F 3 . We set S = (x 0 = 0) ∩ X, T = (y 0 = 0) ∩ X and Γ = S ∩ T . Proof. We set Π = (x 0 = y 0 = 0). We have y 1 ∈ a 5 because otherwise
We can write the restrictions of the syzygy matrix and defining polynomials to Π as
Note that Γ = X ∩ Π is defined in Π by the above 5 polynomials. Since β, γ, δ = 0, we have Γ = (t = u = v = 0) ∩ Π set-theoretically and the proof is completed.
Proof. We will show that the support ofS ∩T is the proper transform of the support of S ∩ T . Consider the weight wt(x, y 0 , z, t, u, v) = 1 5 (6, 5, 1, 2, 3, 4) =: w. Then v ∈ F w 1 , y 0 ∈ F w 2 and x ∈ F w 3 since F 3 does not contain y 2 1 z which is the unique monomial of degree 16 with w-weight 1 5 . It follows that ϕ is realized as the embedded weighted blowup at p with weight w and we have an isomorphism
In view of the description of F 1 | Π , F 2 | Π , F 3 | Π , after re-scaling t, u, we can write
where α, . . . , δ ∈ C with γ, δ = 0 and f, g, h are contained in the ideal (x, y 0 ) (Note that x / ∈ g and y 0 / ∈ h). We havẽ
and this is a finite set of points since γ, δ = 0. Thus,Γ ∩S is the proper transform of S ∩ T . We haveS
Therefore, p is not a maximal centre by Lemma 3.2. (1, 1, 5) point p = p z . Set Π = (x = y 0 = y 1 = 0). Then we can write
for some α, β, . . . , ε ∈ C. Moreover, none of β, δ, ε is zero since
Therefore, p is not a maximal centre by Lemma 3.1. (1, 1, 4). After replacing y 0 , y 1 , we may assume p = p y 1 . We have t 2 ∈ F 1 , u 2 ∈ F 3 and v 2 ∈ F 5 since p t , p u , p v / ∈ X, which implies t ∈ a 7 , b 7 , u ∈ a 8 , b 8 and v ∈ b 9 , c 9 . Since p is of type 1 5 (1, 1, 4), we have vy 1 / ∈ F 1 and y 2 1 z / ∈ F 3 , which implies y 1 / ∈ a 5 . Since X has a point of type
(1, 1, 5) at p z , we have vz ∈ F 2 , which implies z ∈ a 6 . Since X has a single point of type (1, 2, 3), the set (x = z = t = u = v = a 5 c 10 = 0) consists of three distinct points. This implies y 2 1 ∈ c 10 since y 1 / ∈ a 5 . We set Π = (x 0 = y 0 = 0). Then the restrictions of the syzygy matrix and the defining polynomials can be written as follows:
+ δtzy 1 where α, β, γ ∈ C \ {0} and δ ∈ C. We set S = (x 0 = 0) ∩ X, T = (y 0 = 0) ∩ X and let Γ = S ∩ T be the scheme-theoretic intersection. We assume the following condition. 1, 4) is not a maximal centre. Proof. We have y 2 1 y 0 ∈ F 2 , y 2 1 t ∈ F 4 and y 2 1 u ∈ F 5 by quasi-smoothness of X at p. Consider the initial weight wt(x, y 0 , z, t, u, v) = 
where δ 1 , δ 2 ∈ C \ {0} and f, g, h are contained in the ideal (x 0 , y 0 ) (Note that y 0 / ∈ f ). We see that ϕ is realized as the embedded weighted blowup at p with weight w in and we have an isomorphism
We see thatS
is finite a finite set, which imliesS ∩T =Γ. We haveS
6. Pfaffian Fano 3-fold of degree 1/20
Let X = X 12,13,14,15,16 ⊂ P(1
Theorem 6.1. Let X be a Pfaffian Fano 3-fold of degree 1/20. If X satisfies Condition 6.4, then it is birationally rigid. (1, 1, 1, 1) . It follows that L = 7ϕ * A − 1 2 E is nef by Lemma 3.3 and we compute
Therefore, p is not a maximal centre by Lemma 3.1. 1, 1, 4) . We may assume p = p z 1 after replacing z 0 , z 1 . We claim that {x, y, z 0 } isolates p. Set Π = (x = y = z 0 = 0). Note that t 2 ∈ F 1 , u 2 ∈ F 3 , v 2 ∈ F 5 since p t , p u , p v / ∈ X, hence we may assume that those coefficients are 1. Then we can write
for some α, β, γ ∈ C. We see that
and the set in the right-hand side of the above equation is finite (for any α, β, γ ∈ C). This shows that {x, y, z 0 } isolates p. We see ord E (x, y, z 0 ) ≥ 1 5 (1, 4, 5) so that L = B is nef by Lemma 3.3. We compute
We have F 2 = y 2 ( 2 − δ 1 ) + (other terms). Condition 6.4 in particular implies 2 − δ 1 = 0. Replacing z 0 , z 1 , we assume 2 − δ 1 = z 1 . This means that y 2 z 1 ∈ F 2 and y 2 z 0 / ∈ F 2 . By Lemma 3.10, replacing z 1 further, we may assume that y 2 z 1 is the unique monomial in F 2 divisible by y 2 . We have t 2 ∈ F 1 , u 2 ∈ F 3 and v 2 ∈ F 5 since p t , p u , p v / ∈ X, which implies t ∈ a 6 , b 6 , u ∈ a 7 , b 7 and v ∈ b 8 , c 8 . By setting Π = (x = z 1 = 0), we can write
where α, β, · · · , µ ∈ C. Note that β, γ, ε = 0. Note also that α is the coefficient of z 0 in 1 and µ is the coefficient of z 2 0 in q. We have µ = 0 because otherwise 2 − δ 1 = q = 0 has a solution z 1 = 0 and this is impossible by Condition 6.4 (Here, recall that 2 − δ 1 = z 1 ). Since p = p y ∈ X and the coefficient of y 3 in F 1 | Π is η, we have η = 0. The coefficient of y 2 z 0 in F 2 | Π is α(ζ − δ) which must be 0 by our choice of coordinates. Thus, we have
By quasi-smoothness of X at p, we have λ − δ = 0. We compute ord E (z 1 ). We see that y 3 x, y 2 z 0 and y 2 z 1 are the monomials of degree 13 which have initial weight 1/4 and y 3 x, y 2 z 0 / ∈ F 2 by our choice of coordinates, hence ord E (z 1 ) ≥ 5/4. It follows that ϕ is realized as the embedded weighted blowup at p with wt(x, z 0 , z 1 , t, u, v) = Proof. In this case we have ζ = δ since α(ζ − δ) = 0. We work on the open subset U = (z 0 = 0) ⊂ Π by setting z 0 = 1. Re-scaling z 0 , we may assume α = 1. By F 2 | Π = 0, we have v = βγut. For a polynomial F = F (x, y, z 0 , z 1 , t, u, v), we setF = F (0, y, 1, 0, u, βγut). Then, by eliminating v, we see that Γ ∩ U is the quotient of affine scheme defined by the polynomials
in A 3 y,t,u . We define
and we eliminate the term uty from f 1 , that is, we consider
Here we have f 1 = θ 1 u + γt 2 + θ 2 u 3 t, where θ 1 = −(θµ + 1) and θ 2 = −β 2 γεθ. Note that θ 1 can be 0 while θ 2 = 0. We have (t = 0) ∩ ∆ = ∅ since µ = 0. It follows that ∆ is contained in the open subset (t = 0) ⊂ A 3 . The projection A 3 y,t,u A 2 t,u induces an isomorphism ∆ → Ξ ∩ (t = 0), where Ξ is the curve in A 2 y,u defined by f 1 = 0. If θ 1 = 0, it is clear that Ξ is irreducible and reduced, and so is ∆. If θ 1 = 0, then f 1 = t(γt + θ 2 u 3 ) and Ξ ∩ (t = 0) is defined by γt − θ 2 u 3 = 0. Since γ = 0, Ξ ∩ (t = 0) is irreducible and reduced, and so is ∆. Therefore, ∆ is irreducible and reduced, and so is Γ ∩ U .
We consider Γ ∩ (z 0 = 0). Since
. It is easy to see Σ t = {p y }. We have
and it is straightforward to see that Σ 2 consists of 2 points. Therefore, Γ is an irreducible and reduced curve.
Lemma 6.6. If α = 0, then p is not a maximal centre.
Proof. We will showS ∩T =Γ. We have an isomorphism
coincides with the lowest weight part of (
is a finite set of points, which impliesS ∩T =Γ.
Finally, sinceS ∼ Q ϕ * A −
Next, we consider the case α = 0.
Lemma 6.7. If α = 0, then p is not a maximal centre.
Proof. We see that y 3 x 2 , y 2 t and yz 2 0 are the only monomials of degree 14 having w-weight 2 4 . Note that the coefficients of ty 2 and z 2 0 y in F 3 are λ − δ and µ, respectively, and let θ be the coefficient of y 3 x 2 in F 3 . We set s = θy 2 x 2 + (λ − δ)ty + µz 2 0 . Since the monomials in F 3 other than y 3 x 2 , ty 2 and z 2 0 y have w-weight greater than 2/4, we have ord E (s) ≥ 6/4.
We will show that {x, z 1 , s} isolates p. It is enough to show that
is a finite set of points, where Π • = Π ∩ (y = 0). For a subset Ξ of Π and monomials g 1 , . . . , g k , we
. This shows Σ = Σ u,t and it is defined in Π u,t by the equations
It is now straightforward to see Σ = {p}. Now, since ord E (x, z 1 , s) ≥ 
6.4. The (1, 2, 3). We assume p = p z 1 after replacing z 0 and z 1 . We have u ∈ a 6 , b 6 and v ∈ a 7 , b 7 since p u , p v / ∈ X. Since p is of type 1, 2, 3) . By Lemma 3.10, we can assume that z 2 1 t is the unique monomial in F 5 divisible by z 2 . We see that z 3 1 x and z 2 1 t are all the monomials of degree 16 having initial weight (1, 4, 5, 6, 2, 3) =: w satisfies the KBL condition. Let π : X P := P(1, 4, 5, 6) be the projection to the coordinates x, y, z 0 , t. We have
for some λ, µ ∈ C \ {0} since u ∈ a 6 , b 6 and v ∈ a 7 b 7 . Hence we have (x = y = z 0 = t = 0) ∩ X = {p}, which implies that π is defined outside p. Let π Y : Y P be the induced rational map. We take H ∈ |O P (1)|.
Lemma 6.8. The map π Y is a surjective generically finite morphism of degree 2 such that B = π * Y H. Proof. First, we show that π Y is everywhere defined. It is enough to show that π Y is defined at every point of E. We see that ϕ is realized as the embedded weighted blowup at p with weight w and we have an isomorphism
The indeterminacy locus of π Y is the set (x = y = z 0 = t = 0) ∩ E. We see that F w 3 = y + αu 2 + g 3 , F w 4 = z 0 + βvu + g 4 and F w 5 = t + γv 2 + g 5 , where g 3 , g 4 , g 5 ∈ (x, y, z 0 , t), y / ∈ g 3 , z 0 / ∈ g 4 , t / ∈ g 5 and α, β, γ = 0. Hence, the set (x = y = z 0 = t = 0) ∩ E is empty, which shows that π Y is a morphism.
By the construction, π * Y H is the proper transform of (x = 0)∩X via ϕ, which is B since ord E (x) = 1/5. We have (H 3 ) = 1/120 and
This implies that π Y is a surjective generically finite morphism of degree 2.
Proposition 6.9. One of the following holds.
(1) p is not a maximal centre.
(2) There is a birational involution σ : X X which is a Sarkisov link centred at p.
Proof. We take the Stein factorization of π Y and let ψ : Y → Z be the birational morphism, π Z : Z → P be the double cover such that π Y = π Z • ψ. By Lemma 6.10 below, ψ is not an isomorphism. Thus, by [18, Lemma 3.2], either (1) or (2) happen depending on whether ψ is divisorial or small.
We use the following result in the above proof.
Lemma 6.10. Let X be a Q-Fano 3-fold embedded in a weighted projective space P(a 0 , . . . , a n ). Suppose that X is quasi-smooth and let ϕ : Y → X be the Kawamata blowup of X at a terminal quotient singular point p ∈ X. Then Y cannot be a double cover of any weighted projective 3-space.
Proof. Assume that there is a double cover π : Y → P := P(b 0 , . . . , b 3 ). Let D ⊂ P be the branched divisor and f the defining polynomial of D. Then Y is isomorphic to the weighted hypersurface Z := (
, where 2d = deg f and d = deg y. Since X is quasi-smooth and ϕ is a Kawamata blowup, we see that Y has only (terminal) quotient singularities, and so is Z ∼ = Y . This implies that Z is quasi-smooth and this implies that the Picard number of Z is one (see [9, Theorem 3.2.4] ). This is a contradiction since the Picard number of Y is 2.
Pfaffian Fano 3-fold of degree 1/12
Let X = X 10,11,12,13,14 ⊂ P(1 x , 3 y , 4 z , 5 t 0 , 5 t 1 , 6 u , 7 v ) be a Pfaffian Fano 3-fold of degree 1/12. The main aim of this section is to prove that there is a Sarkisov link centred at the 1 5 (1, 2, 3) point to a Mori fiber space other than X. This implies that X is not birationally rigid. Unfortunately we are unable to construct an explicit link. Instead, we will show that the Kawamata blowup at the 1 5 (1, 2, 3) admits a flop (and thus there is a link to a Mori fiber space) and then derive a contradiction assuming the target of the link is isomorphic to X. To do this, we need to exclude or untwist the other centres, so we will exclude singular points of type 
We have u ∈ a 6 , b 6 and v ∈ b 7 , c 7 since p u , p v / ∈ X. (1, 2, 3) , so that 1 = 0 and 2 are not proportional. We assume z ∈ a 4 . Then we can assume that the coefficient of z in a 4 is 1 by re-scaling z and let ε ∈ C be the coefficient of z 2 in c 8 .
Exclusion of the
Lemma 7.1. We have 3 = 0 and 1 , 3 are not proportional.
Proof. We have
Let q 1 and q 2 be the singular points corresponding to the solutions 1 = 0 and 2 = 0 respectively. We see that q 2 is of type 1, 2, 3 ). Assume that 3 = θ 1 for some θ ∈ C. Then F 3 = θz 1 2 + · · · and this implies that (∂F/∂z)(q 2 ) = 0. This is a contradiction since q 2 is of type We exclude the point p assuming the following: Condition 7.2. We have z ∈ a 4 and, under the above choice of coordinates, 3 − δ 1 ∼ 2 .
We have u 2 ∈ F 3 and t 2 ∈ F 5 since p u , p v / ∈ X, which implies u ∈ a 6 , b 6 and v ∈ b 7 and c 7 . We have F 4 = z 2 ( 3 − ε 1 ) + · · · and 3 − ε 1 = 0 by Lemma 7.1. Replacing t 0 and t 1 , we may assume 3 − δ 1 = t 0 . By Lemma 3.10, after further replacing t 0 , we can assume that z 2 t 0 is the unique monomial in F 4 which is divisible by z 2 . Set Π = (x = y = t 0 = 0). Then the restriction of M and defining polynomials on Π can be written as follows:
for some α, β, . . . , ζ ∈ C with γ, δ = 0. By our choice of coordinates, we have z 2 t 1 / ∈ F 4 , that is, ζ − αε = 0. 1, 3) is not a maximal centre. Proof. We see zu ∈ F 1 , zv ∈ F 2 and z 2 t 0 ∈ F 4 . We see that the z 3 x and z 2 t 0 are the only monomials of degree 13 having initial weight It is now straightforward to check X ∩ Π = {p} since α, β, γ, δ = 0. In particular, {x, y, t 0 } isolates p. We have ord E (x, y, t 0 ) ≥ 1 4 (1, 3, 5) so that L = B is nef by Lemma 3.3 and we compute
Therefore, p is not a maximal centre by Lemma 3.1. 1, 2) . After replacing coordinates, we assume p = p y . We assume y ∈ a 3 . Then, re-scaling y, we can assume that the coefficient of y in a 3 is 1. We see yv ∈ F 1 and, replacing v, we assume that yv is the unique monomial in F 1 divisible by y. We can write the entries of the syzygy matrix as a 5 = 1 + (other term), b 5 = 2 + (other terms), c 8 = y 3 + ηz 2 + (other terms) and d 9 = z 4 + (other terms) for some linear forms 1 , . . . , 4 in t 0 , t 1 and η ∈ C. Let α, β and δ be the coefficients of z, y 2 and zy in a 4 , a 6 and b 7 respectively. 1, 1, 4) , which implies 1 2 = 0 and 1 ∼ 2 . In this proof, we assume 1 = t 0 and 2 = t 1 after replacing t 0 and t 1 . Since F 3 = a 3 d 9 − a 5 b 7 + a 6 b 6 , v ∈ b 7 and v / ∈ a 3 , d 9 , a 5 , a 6 , b 6 , we see that vt 0 ∈ F 1 and vt 1 / ∈ F 1 . This shows that p t 0 and p t 1 are of type 1, 2, 3 ), respectively. Assume 3 ∼ 2 , that is, 3 = νt 1 for some ν ∈ C. Since p t 0 is of type 1, 1, 4) , we have t 2 0 y ∈ F 4 . But since F 4 | Π = − 1 3 + . . . , 1 = t 0 and 3 = νt 1 , we see t 2 0 y / ∈ F 4 . This is a contradiction. Assume 4 ∼ 1 , that is, 4 = νt 0 for some ν ∈ C. Since p t 1 is of type 1, 2, 3) , we have t 2 1 z ∈ F 5 . But since F 5 | Π = z 2 4 + · · · , 2 = t 1 and 4 = νt 0 , we see t 2 1 / ∈ F 5 . This is a contradiction and the proof is completed.
The point of type
We exclude the point p assuming the following generality condition. Note that u ∈ a 6 , b 6 and v ∈ b 7 , c 7 since p u , p v / ∈ X. We set Π = (x = u = v = 0). Then we can write
We see that the coefficients of zy 2 and y 4 in F 1 | Π and F 3 | Π are ε − αγ and ζ + βγ respectively and both of them are zero by our choice of coordinates. By eliminating ε = αγ and ζ = −βγ, we have
Lemma 7.6. No singular point of type
is a maximal centre. Proof. We will show that {x, u, v} isolates p. It is enough to show that X ∩ Π • is a finite set of points, where Π • = Π ∩ (y = 0). We have
where
Since 1 ∼ 2 and 1 ∼ 4 , 1 = 2 = 0 and 1 = 4 = 0 both imply t 0 = t 1 = 0. Hence we have ( 1 = z 2 4 = 0) = (t 0 = t 1 = 0) ∪ ( 1 = z = 0) and
since η − αδ = 0 and 3 + β 2 ∼ 1 by Condition 7.5. Since F 3 | Π = ( 4 − δ 1 )zy and 4 − δ 1 ∼ 2 by Condition 7.5, we have
We see that y 3 x, y 2 z, yv are the monomials of degree 10 having initial weight 1 4 and we have y 3 x, y 2 z / ∈ F 1 by our choice of coordinates. Hence we have ord E (x, u, v) ≥ 
Therefore p is not a maximal centre by Lemma 3.1.
7.3. The 1, 1, 4) . We assume p = p t 1 after replacing t 0 and t 1 . Then we have t 1 t 0 ∈ F 1 , t 1 v ∈ F 3 and t 2 1 y ∈ F 4 since p is of type 1, 1, 4) . We have u ∈ a 6 , b 6 and v ∈ b 7 , c 7 since p u , p v / ∈ X. We see that ϕ is the weighted blowup of X at p with weight wt(x, z, u) = 1, 3, 4, 5, 1, 2) . Let π : X P := P(1, 3, 4, 5) be the projection to the coordinates x, u, z, t 0 and let π Y : Y P the induced rational map. We take H ∈ |O P (1)|. Proof. We will show that π Y is everywhere defined. We have an isomorphism
and it is enough to show (x = y = z = t 0 = 0) ∩ E = ∅. We can write F
= v + αu 2 + g 3 and F w in 4 = y + βvu + g 4 , where g i ∈ (x, y, z, t 0 ) and α, β ∈ C \ {0}. It is now clear that (x = y = z = t 0 = 0) ∩ E = ∅. This shows that π Y is a morphism. We have B = π * Y H since the section x lifts to an anticanonical section on Y . We have (H 3 ) = 1/60 and
which shows that π Y is surjective and is generically finite of degree 2.
By the same argument as in the proof of Proposition 6.9, this lemma implies the following.
Proposition 7.8. One of the following holds.
(1) p is not a maximal centre. (2) There is a birational involution σ : X X which is a Sarkisov link centred at p. (1, 2, 3). We will show that there is a Sarkisov link to a Mori fiber space which is not isomorphic to X starting with the Kawamata blowup ϕ. We denote by q ∈ X the unique singular point of type 1, 1, 4) . Lemma 7.9. By choice of coordinates, we can assume p = p t 1 , q = p t 0 and defining polynomials of X are of the forms:
The
Moreover, if X is general, then Condition 7.11 below is satisfied.
Proof. The syzygy matrix can be written as
We will choose suitable coordinates so that the defining polynomials of X are in the desired forms. First, we choose t 0 and t 1 so that
Then t 1 t 0 is the unique monomial in F 1 that involves only on t 0 and t 1 so that p t 0 and p t 1 are the (1, 2, 3) points. We are going to arrange the coordinates so that p t 0 and p t 1 are of type (1, 2, 3) respectively. Since p u , p v / ∈ X, we have u ∈ A 6 , v ∈ B 7 and α, β = 0. It follows that we can choose u and v so that
By quasi-smoothness of X at p t 0 (resp. p t 1 ), we have t 2 0 y ∈ F 4 (resp. t 2 0 z ∈ F 5 ), which implies y ∈ c 3 (resp. z ∈ d 4 ). Hence we can choose y and z so that c 3 = −y and d 4 = z + b 1 c 3 . Under the above choice of coordinates, the polynomials F 1 , . . . , F 5 are in the desired forms.
We have F 1 = t 1 t 0 + v(−βa 3 ) + (other terms),
Clearly y ∈ −βa 3 and z ∈ a 3 c 1 + a 4 for a general X since β = 0. We see that the set
consists of 2 distinct points for a general X, and the proof is completed.
Remark 7.10. Under the above choice of coordinates, p t 1 is of type
We assume the following condition which is satisfied for a general X by the above lemma.
Condition 7.11. We have y ∈ a 3 and, under the above choice of coordinates, the set
consists of distinct 2 points.
We see that each monomial in F 2 = t 1 u + vb 4 + ub 5 + g 11 has initial weight at least 6/5 except for t 1 u, so that the weight wt(x, y, z, t 0 , u, v) = 1 5 (1, 3, 4, 5, 6, 2) =: w satisfies the KBL condition. It follows that ϕ is realized as the embedded weighted blowup with weight w and we have an isomorphism
where 3, 4 , 5, 6) be the projection to x, y, z, t 0 , u which is defined outside p, and denote by Z its image. Let ρ : Y Z be the induced birational map.
Lemma 7.12. ρ is a birational morphism and it is the anticanonical model of Y .
Proof. We see that the sections x, y, z, t 0 , u lift to plurianticanonical sections on Y and they restrict to E the coordinates x, y, z, t, u of P. It is straightforward to see
and this implies that ρ is everywhere defined. For a general point of Z, its inverse image via ρ is a single point since we can solve t 1 and v in terms of F 1 = F 2 = 0 which can be expressed as
This shows that ρ is birational and thus it is the anticanonical model of Y .
The following lemma will be used in order to show that ρ is a small contraction.
Lemma 7.13. Let V be a Q-Fano variety of Picard number one and let ϕ :
Proof. Note that Pic(V ) ⊗ Q is generated by −K W and E, and the cone of effective divisors on W is generated by E and G.
Since ψ : W → U is divisorial and −K W -trivial, there are infinitely many curves on W contracted by ψ and they intersect −K W trivially and E positively. By [18, Lemma 2.20 ] (see also [5, ] ), ϕ : W → V is not a maximal extraction. This implies that a divisor which is Q-linearly equivalent to −λ K W − µ E is not mobile if µ > 0 (because otherwise ϕ is a maximal extraction).
Let D ∼ Q −λK W − µE, µ > 0, be a prime divisor. We assume that D = G. Since the cone of effective divisor of W is generated by E and G, we can write D ∼ Q kG + lE for some rational numbers k, l > 0. Take a positive integer m such that mD ∼ mkG + mlE and mk, ml ∈ Z. This linear equivalence implies that the linear system |mD| is mobile since D = G, E. This is a contradiction and the assertion is proved.
Lemma 7.14. ρ is a flopping contraction.
Proof. We see that the set
consists of two points {q 1 , q 2 } and both of them are mapped to the same point q ∈ ρ(E) via ρ, where 3, 4, 5, 6 ).
Note that this in particular implies that ρ is not an isomorphism. It remains to show that ρ is not divisorial. Assume that ρ is divisorial and let G be the prime divisor on Y contracted by ρ. Since G is contracted by the B-trivial contraction ρ, we have (B 2 · G) = 0. Since (B 3 ) = 1/20, we compute
Since k and l are integers, we have G ∼ Q m(10B − 3E) for some positive integer m. We will construct a prime divisor on Y which is Q-linearly equivalent to λB − µE for some λ, µ with 0 < λ < 10 and µ > 0.
We have
Thus, on X, we have
Each monomial in the right-hand side of the above equation vanishes along E to order at least 14/5. Let H ∼ Q 9A be the divisor on X defined by t 0 b 4 − ua 3 = 0. We haveH ∼ Q 9ϕ * A − 14 5 E = 9B − E. Note thatH is not necessarily irreducible or reduced. However there is a prime divisor D (which is a component ofH) such that D ∼ Q λB −µE such that µ > 0. The integer λ necessarily satisfies 0 < λ ≤ 9. This implies that D = G. By Lemma 7.13, this is a contradiction and ρ is small. Let ϕ : Y → X be the Kawamata blowup of X at the 1 5 (1, 1, 4) point q = p t 0 with exceptional divisor E . We see that ϕ can be realized as the embedded weighted blowup with the initial weight wt(x, y, z, t 1 , u, v) = 1 5 (1, 3, 4, 5, 1, 2) so that we have an isomorphism E ∼ = (t 1 + va 3 + ua 4 = v + αu 2 = y + vd 1 + ud 2 − βuv = 0) ⊂ P .
We denote by π : X P(1, 3, 4) the projection to x, y, z and by η :Ŷ P(1, 3, 4) the induced rational map. We have the following diagramŶ
G G Z Lemma 7.15. η is a morphism which is an elliptic fibration. Moreover,Ê andÊ are respectively 2-section and 3-section of η.
Proof. The indeterminacy locus of the projection π : X P(1, 3, 4) is the set Ξ := (x = y = z = 0) ∩ X. We have
By looking at the other polynomials F 3 , F 4 , F 5 , it is easy to check that Ξ 1 = {p t 0 } and Ξ 2 = {p t 1 }. This shows that π is defined outside {p t 0 , p t 1 }. The proper transforms of the sections x, y, z on Y restricts to the coordinates x, y, z on E ⊂ P and we have (x = y = z = 0) ∩ E = ∅. This shows that η is defined at every point ofÊ. For λ, µ ∈ C, we set S λ = (y − λx 3 = 0) ∩ X and T µ = (z − µx 4 = 0) ∩ X. We see thatS λ ∩T µ is the fiber of π • ϕ : Y P(1, 3, 4) over the point (1 : λ : µ),S λ | E andT µ | E are hyperplane sections of degree 3 and 4 on E ⊂ P, so that we have
This shows thatÊ is a 2-section of η. Here we explain the above computation in more detail. Since E is a complete intersection in P defined by equations of degree 5, 6, 4 andS λ | E ,T µ | E correspond to hypersurfaces in P of degree 3, 4 respectively, we have (
The proper transforms of the sections x, y, z on Y restricts to the coordinates x, y, z on E ⊂ P and we have (x = y = z = 0) ∩ E = ∅. This shows that η is defined at every point ofÊ . We see that S λ ∩ T λ , where S λ = ψ −1 * S λ and T µ = ψ −1 * T µ , is the fiber of ϕ • π over the point (1 : λ : µ), S λ | E and T µ | E are hyperplane sections of degree 3 and 4 on F ⊂ P , so that we have
This shows thatÊ is a 3-section of η. We note that the intersectionsS λ ∩T µ ∩ E and S λ ∩ T µ ∩ E can also be computed explicitly using local coordinates.) Thusπ is everywhere defined. It is clear that the sections x, y, z lift to sections ofB, 3B, 4B respectively, so that η is the anticanonical morphism and it is an elliptic fibration. X /S to a Mori fiber space. We will show thatX is not isomorphic to X, which requires all the results of this section. (1, 2, 3 ) point p is a link to a Mori fiber space which is not isomorphic to X. In particular, X is not birationally rigid.
Proof. We assumeX ∼ = X. Then the link σ sits in the diagram:
where τ i is a flip for i ≥ 1 andφ is an extremal divisorial contraction. We see thatφ coincides with either ϕ or ϕ because a centre other than p and p t 0 is not a maximal centre. By Proposition 7.8 (see also [18, Lemma 3.2] ) , the Sarkisov link starting with ϕ ends with ϕ . By the uniqueness of 2-ray game starting with a given divisorial extraction,φ cannot be ϕ and henceφ = ϕ. NowȲ ∼ = Y so that it does not admit an inverse flip, which implies that τ m cannot be a flip. Thus m = 0, that is, the link involves only the flop τ . We have the following diagram
X Z X where ρ is a flopping contraction. Note that ρ can be decomposed as ρ = θ • ρ, where θ : Z → Z is an automorphism, since τ induces an isomorphism between the anticanonical model Z of Y . Letτ :Ŷ Ŷ be the birational automorphism induced by τ . We set N =B + εÊ for 0 < ε < 1 5 , which is nef and big since ψ * B =B + 1 5Ê is nef and big, andB is nef. We choose 0 < ε 1/5 so that N is ψ-ample. Let ρ :Ŷ →Ẑ be the contraction associated with N .
We will show that the curves contracted byρ are precisely the proper transforms of the flopping curves on Y . Let Γ ⊂ Y be a flopping curve. Then
This showsΓ ∩Ê = ∅ and (B ·Γ) = 0. In particular,Γ is contracted byρ. Let ∆ ⊂Ŷ be an irreducible curve onŶ which is contracted byρ. Note that ∆ ⊂Ê since N is ψ-ample. Then
which implies ∆ ∩Ê = ∅ and 0 = (B · ∆) = (B · ψ * ∆). Thus ∆ is the proper transform of a flopping curve on Y . By the above argument, the curves contracted byρ form a KŶ -trivial extremal ray andρ is a flopping contraction over P (1, 3, 4) . MoreoverẐ is obtained as the Kawamata blowup of Z at the 
where η = χ • η for some automorphism χ of P(1, 3, 4) since the flopτ induces an isomorphism of the anticanonical model P(1, 3, 4) ofŶ . Thusτ is an isomorphism in codimension 1 and it induces an isomorphism between the generic fibers of η and η . We haveτ * B =B sinceτ is small. By construction, we haveτ * Ê =Ê (because θ(q) =q) . Since the Weil divisor class group ofŶ is generated byB,Ê andÊ , we can writeτ * Ê = αB − βÊ + γÊ for some integers α, β, γ. Clearly α ≥ 0 sinceτ * Ê is effective and non-zero. Note that τ * E = αB − βE and since τ is a flop we have β > 0. If α = 0, then τ * E = −βE and this is a contradiction since τ * E is effective.
Since (τ 2 ) * Ê is effective, we have α(1 − β) ≥ 0, which implies β ≤ 1. Thus we have β = 1. Sinceτ induces an isomorphism between generic fibers of the elliptic fibrations η and η ,τ * Ê is a 2-section of η . ClearlyÊ andÊ are 2-section and 3-section respectively. Then, for a general η -fiber C , we have
This is a contradiction since γ ∈ Z. Therefore, σ cannot be a birational automorphism of X.
Remark 7.17. We are unable to give an explicit construction of the link σ and we do not even understand whether the target Mori fiber spaceX/S is a strict Mori fiber space or not. (1, 1, 2 ) point which is a birational involution. The syzygy matrix of X and the defining polynomials are given as follows:
(1, 1, 3) . (1, 1, 1) point. Throughout the present subsection, we assume y ∈ a 2 and then, re-scaling y, we assume that the coefficient of y in a 2 is 1. Replacing y, t 0 , t 1 , we assume p = p y . We have u 2 ∈ F 5 since p u / ∈ X, which implies u ∈ b 5 , c 5 . It follows that yu ∈ F 1 . After replacing u, we assume that yu is the unique monomial in F 1 which is divisible by y.
Exclusion of the
For the entries of the syzygy matrix M , we can write a 3 = 1 + (other terms), a 3 = 2 + (other terms), b 5 = y 3 + (other terms), c 5 = y 4 + (other terms), c 6 = δy 3 + q 1 + (other terms) and d 6 = εy 3 + q 2 + (other terms), where δ, ε ∈ C, 1 , . . . , 4 and q 1 , q 2 are respectively linear and quadratic forms in t 0 , t 1 . Let β, γ ∈ C be the coefficients of y 2 in b 4 and b 4 respectively. We exclude the point p assuming the following generality condition: Condition 8.1. We have y ∈ a 2 and the system of equations
does not have a non-trivial solution. 1, 1, 1) is a maximal centre. Proof. We will prove that the set {x, t 0 , t 1 , u} isolates p. We set Π = (x = t 0 = t 1 = u = 0). Then we can write
where α, β, . . . , ε ∈ C and i , q i are polynomials in z 0 , z 1 which are linear and quadratic respectively. Hence we have
By our choice of coordinates, there is no monomial in F 1 divisible by y other than yu, so that 4 − γ 1 + β 2 = 0. Since p = p y ∈ X, we see that the coefficients of y 4 , y 4 and y 5 in F 2 , F 3 and F 5 are zero, which implies δ + αβ = ε + αγ = βε − γδ = 0. Combining the above observations, we have
By Condition 8.1, X ∩ Π consists of p and the 3 points of type 
Therefore, p is not a maximal centre by Lemma 3.1. 
The
is empty.
It is clear that Condition 8.3 is satisfied for a general X and we assume that X satisfies it. and let F 1 , . . . , F 5 be defining polynomials. For α ∈ C, the matrices
both define the same Pfaffian 3-fold X with defining polynomials
The following choice of coordinates will also be used in the next subsection.
Lemma 8.5. Let p ∈ X be a point of type 1, 1, 3) . By a choice of coordinates, we can assume that p = p z 1 , q = p t 1 and the polynomials F 1 , . . . , F 5 are written as follows:
are all contained in the ideal (x, y, z 0 ) and satisfy z 0 ∈ b 3 and z 3 1 x / ∈ h 10 .
Proof. We have u ∈ b 5 , c 5 since u 2 ∈ F 5 by quasi-smoothness of X. The equationsā 4b4 =ā 4b 4 = 0 has a unique non-trivial solution and it corresponds to the 1, 1, 3) point. We choose coordinates so that p = p z 1 and q = p t 1 , which are equivalent to z 0 | (ā 3d6 −ā 3c 6 ) andā 4 = t 0 . By suitable modifications of the matrix M in Remark 8.4, we may assumeā 3 = z 0 . We have t 1 ∈ b 4 because otherwise the set in Condition 8.3 contains the point ((0 : 1), (0 : 1)) which is impossible. Again by a suitable modification of M , we may assumeb 4 = t 0 . Then, since neitherb 4 =b 4 = 0 norā 3 =ā 3 = 0 has nontrivial solution, we have t 1 ∈b 4 and z 1 ∈ a 3 . Replacing t 1 → t 1 − ε 1 t 0 and z 1 → z 1 − ε 2 z 0 for some ε 1 , ε 2 ∈ C, we may assumeb 4 = t 1 ,ā 4 = t 0 andā 3 = z 1 . So far we choose coordinates so that p = p z 1 , q = p t 1 ,ā 3 = z 0 ,ā 3 = z 1 ,b 4 = t 1 ,b 4 = t 0 and z 0 |c 6 , where the last assertion follows from z 0 | (ā 3d6 −ā 3c 6 ) andā 3 = z 0 .
We further replace coordinates which preserve the above properties. We replace u so that c 5 = u. We replace z 0 → h 3 (x, y) and z 1 → z 1 − h 3 (x, y) for suitable h 3 , h 3 ∈ C[x, y] so that a 3 = z 0 and a 3 = z 1 . Now we can write the syzygy matrix M as follows Hence y ∈ d 2 and the claim is proved. We replace y so that d 2 = y. We finish the choice of coordinates and in the following we observe that this is the desired choice of coordinates.
We compute F 1 , . . . , F 5 . In the following descriptions, omitted terms · · · consist of monomials in variables x, y, z 0 . We have
Recall that z 0D6 − z 1C6 = 0 has three distinct solutions (corresponding to three points of type 1, 1, 2) ) and, by our choice of coordinates, z 0 | z 0D6 − z 1C6 . It follows that z 2 1 / ∈ C 6 and z 2 1 ∈ D 6 . Thus it is easy to see that F 1 , F 2 , F 3 are in the form described in the statement after rescaling u. We have z 2 1 z 0 ∈ F 4 = z 0 D 6 − z 1 C 6 , which shows that F 4 is also in the desired form. Although we do not write down F 5 explicitly here, it is easy to verify that for some β ∈ C\{0}, e i ∈ C[x, y, z 0 ] and h i ∈ C[x, y, z 0 , z 1 , t 0 ]. It is easy to observe that h 5 , h 10 ∈ (x, y, z 0 ) because there degree is not divisible by 3 and it cannot contain a power of z 1 . This also explains that g i , g i ∈ (x, y, z 0 ). Note that h 6 = D 6 − b 1 c 2 z 1 + · · · and it contains z 2 1 . By replacing F 5 by F 5 − γz 1 F 1 , we can eliminate the term z 2 1 in h 6 . Finally, replacing y → βy and then replacing F 5 by 1 β F 5 , we may assume that β = 1. This completes the proof.
We choose and fix coordinates as above. It is easy to see that z 1 t 1 is the unique monomial in F 1 = z 1 t 1 + ua 2 + t 0 a 3 + a 7 having initial weight Let π : X P := P(1, 2, 3, 4) be the projection to the coordinates x, y, z 0 , t 1 and let π Y : Y P(1, 2, 3, 4) the induced rational map. We take H ∈ |O P (1)|. Lemma 8.6. The map π Y is a surjective generically finite morphism of degree 2 such that B = π * Y H. Proof. By Lemma 8.5, it s easy to observe that the indeterminacy locus of π, which is the set (x = y = z 0 = t 1 = 0) ∩ X, consists of the single point p since a i , . . . , e i , g i , g i , h i all vanish along (x = y = z 0 = 0). We have an isomorphism E ∼ = (t 1 + ua 2 + t 0 a 3 = u + αt 2 0 + γt 0 x = z 0 + ut 0 + δux = 0) ⊂ P (1 x , 2 y , 3 z 0 , 1 t 0 , 4 t 1 , 2 u ) , where γ, δ ∈ C are the coefficients of t 0 z 1 x, z 1 x in h 8 , g 4 , respectively. The sections x, y, z 0 , t 1 lift to plurianticanonical sections on Y and restricts to the coordinates x, y, z 0 , t 1 of the ambient weighted projective space of E. It is clear that From this we see that π Y is surjective and has degree 2.
By the same argument as in the proof of Proposition 6.9, the above lemma implies the following.
Proposition 8.7. One of the following holds.
(2) There is a birational involution σ : X X which is a Sarkisov link centred at p. 1, 1, 3 ). We will show that the Kawamata blowup ϕ : Y → X leads to a Sarkisov link to a Mori fiber space which is not isomorphic to X. The arguments are similar to those in Section 7.4 but more complicated. Note that the X has three points of type 1 3 (1, 1, 2), denoted q 1 , q 2 , q 3 . We choose coordinates as in Lemma 8.5 for the 1, 1, 3 ) point p, so that q 1 = p z 1 and p = p t 1 . Recall that Lemma 8.5 is based on Condition 8.3 which we assume in this subsection. In addition we assume the following condition which is satisfied for a general X. The Kawamata blowup ϕ : Y → X at p is realized as the embedded weighted blowup with the initial weight wt(x, y, z 0 , z 1 , t 0 , u) = w in = 1 4 (1, 2, 3, 3, 4, 1) and we have an isomorphism E ∼ = (z 1 + ua 2 = t 0 + ub 3 = y + ue 1 + u 2 = 0) ⊂ P,
where P = P(1 x , 2 y , 3 z 0 , 3 z 1 , 4 t 0 , 1 u ). Let X P(1, 2, 3, 3, 4) be the projection to x, y, z 0 , z 1 , t 0 and denote by Z its image. Let ρ : Y Z be the induced map.
Lemma 8.9. ρ is a flopping contraction.
Proof. By Lemma 8.5, it is easy to observe that the projection X P(1, 2, 3, 3, 4) is defined outside p. The sections x, y, z 0 , z 1 , t 0 lift to plurianticanonical sections on Y and they restrict to E the coordinates x, y, z 0 , z 1 , t 0 of P. We see (x = y = z 0 = z 1 = t 0 = 0) ∩ E = ∅ and this shows that ρ is a morphism. By the same argument as in the proof Lemma 7.12, we see that ρ is birational and is the anticanonical model of Y . The set (a 2 = b 3 = 0) ∩ E consits of two points by Condition 8.8 and it is mapped to the same point via ρ, which shows that ρ is not an isomorphism.
It remains to show that ρ is small. Assume that ρ is divisorial and let G be the prime divisor on Y contracted by ρ. Since (B 2 · G) = 0, we have G ∼ Q m(2B − E) for some positive integer m. By the same argument as in the proof of Lemma 7.14, the proper transformH of the divisor H on X defined by z 1 b 3 − t 0 a 2 = 0 satisfiesH ∼ Q 6B − E. By Lemma 7.13, a component ofH which is Q-linearly equivalent to λB − µE for some λ, µ with µ > 0 is G. It follows thatH contains G as a component. This in particular implies m ≤ 2. We see that ϕ * G ∼ Q 2mA is cut out on X by a polynomial of degree 2m with 2m = 2, 4. Hence ϕ * G contains the three singular points of type 1 3 (1, 1, 2), and we conclude that H contains the three singular points of type 1 3 (1, 1, 2 ). But this is impossible since H ∼ Q 6A, which is defined by z 1 b 3 − t 0 a 2 = 0, contains at most 2 singular points of type 1 3 (1, 1, 2 ). This is a contradiction and ρ is a flipping contraction.
Let ϕ 1 : Y 1 → X be the Kawamata blowup at the 1 3 (1, 1, 2) point q 1 with exceptional divisor E 1 . As is argued in the previous subsection, ϕ 1 is realized as the embedded weighted blowup at q 1 = p z 1 with weight wt(x, y, z 0 , t 0 , t 1 , u) = 1 (p). We see that the proper transformsÊ 1 andÊ 1 of E and E 1 are the exceptional divisors of ψ 1 and ψ 1 , respectively. We denote by π 1 : X P(1, 2, 3) the projection to x, y, z 0 and by η 1 :Ŷ P(1, 2, 3) the induced rational map. We set B = −K Y andB = −KŶ Proof. We first show that π 1 : X P(1, 2, 3) is defined outside the set {q 1 , p} = {p z 1 , p t 1 }. The indeterminacy locus of π 1 is the set Ξ := (x = y = z 0 = 0) ∩ X. We have F 1 (0, 0, 0, z 1 , t 0 , t 1 , u) = t 1 z 1 , F 2 (0, 0, 0, z 1 , t 0 , t 1 , u) = t 1 t 0 , so that Ξ = (x = y = z 0 = t 1 = 0) ∪ (x = y = z 0 = z 1 = t 1 = 0). By looking at the other polynomials F 3 , F 4 , F 5 , it is easy to check that the former and the latter sets are {p z 1 } and {p t 1 }, respectively, so that Ξ = {p z 1 , p t 1 }. It is straightforward to see (x = y = z 0 = 0) ∩ E = (x = y = z 0 = 0) ∩ E = ∅, which shows that η 1 is a morphism. Since x, y, z 0 lift to sections ofB, 2B, 3B, respectively, η 1 is the anticanonical morphism ofŶ 1 , that is, it is an elliptic fibration.
For λ, µ ∈ C, we set S λ = (y − λx 2 = 0) ∩ X and T µ = (z 0 − µx 3 = 0) ∩ X. We see thatS λ ∩T µ , whereS λ ,T λ are the proper transforms of S λ , T µ via ϕ, is the fiber of π 1 • ϕ : Y P(1, 2, 3) over the point (1 : λ : µ) and we compute
ThusÊ 1 is 2-section of η 1 . Similarly, S λ ∩ T µ , where S λ , T µ are the proper transforms of S λ , T µ via ϕ 1 , is a fiber of π 1 • ϕ 1 : Y 1 P(1, 2, 3) over the point (1 : λ : µ) and we compute
This shows thatÊ 1 is a 3-section of η 1 .
